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The EPR parameters (zero-field splitting D and g factors
g‖, g⊥) of 3d2 V3+ and Cr4+ centers in Al2O3 crystals are
calculated by using the diagonalization of the complete en-
ergy matrix for 3d2 ions in trigonal symmetry. The crystal-
field parameters are estimated for the superposition model re-
lated to the local geometry (or structure) of the impurity cen-
ters. From the calculations, the EPR parameters for both im-
purity centers are explained and the local structures (charac-
terized by the impurity displacement ∆z along the C3 axis and
the displacement ∆x of O2− ions in the oxygen triangle be-
tween the impurity and the vacant oxygen octahedron along
the x-axis, resulting from the electrostatic repulsive force and
the electronic cloud overlap) of these impurity centers are es-
timated. The results are discussed.
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1. Introduction

Corundum (Al2O3) crystals doped with transition
metal ions have attracted much attention for a wide
variety of applications in laser devices [1 – 4]. Tran-
sition metal ions in Al2O3 substitute for the Al3+ ions.
Since the size and/or charge of the impurity are un-
like those of the replaced host ion, impurity-induced
local lattice relaxation can occur, and so the local ge-
ometry (or structure) of the impurity center in Al 2O3
may be different from the corresponding structure in
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Fig. 1. The defect structure of V3+ (or Cr4+) in Al2O3 crys-
tal.

the host Al2O3 crystal. For technical applications it is
necessary to study the local structure of the impurity
center because the impurities change the electric, mag-
netic and optical properties of crystals. Since the EPR
parameters of a paramagnetic ion in crystals are sensi-
tive to its immediate environment, information on the
local structure of transition metal ions in crystals can
be obtained by analyzing their EPR data. The EPR pa-
rameters (zero-field splitting D and g factors g‖, g⊥) of
V3+ and Cr4+ ions in Al2O3 were measured in [5 – 8].
In the present paper we calculate these EPR parameters
by diagonalizing the complete energy matrix for 3d 2

ions in trigonal symmetry. On the basis of the calcu-
lations, the local structures of V3+ and Cr4+ impurity
centers in Al2O3 crystals are estimated. The results are
discussed.

2. Calculation

The Al2O3 structure consists of trigonal oxygen oc-
tahedra along the C3 axis, sharing faces. The centers of
the octahedra are occupied by cations in the sequence
Al3+, Al3+ and a vacant octahedron [9]. The electro-
static repulsive forces between an Al3+ pair shift them
from the centers of these octahedra, so that the Al3+

ions are closer to the neighboring vacancies, and the
oxygen triangle closer to the Al3+ ion is larger ow-
ing to the electronic cloud overlap (see Fig. 1). When
the Al3+ ion is replaced by an impurity having more
charge and/or a larger ionic radius, such as V3+ or
Cr4+, the electrostatic repulsive force acting on the im-
purity (and also on the neighboring Al3+ ion) becomes
larger and so the impurity should be displaced by an
amount ∆z towards the neighboring vacant octahedron.
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Also, the oxygen triangle between the impurity and va-
cant octahedron is larger (characterized by the O 2− dis-
placement ∆x along x-axis, see Fig. 1) because of the
electron cloud overlap. In this case, the local symmetry
of the impurity center is still trigonal. Thus, the Hamil-
tonian of a 3d2 ion in this system (trigonal symmetry)
can be expressed as

H = He(B,C)+ Hso(ζ )+ Hcf(Dq,Dσ ,Dτ) (1)

where He, Hso and Hcf are, respectively, the electro-
static interaction (characterized by the Racah param-
eters B and C), the spin-orbit interaction (character-
ized by the spin-orbit coupling parameter ζ ) and the
crystal-field interaction (characterized by the crystal-
field parameters Dq, Dσ and Dτ). By using the strong-
field basis functions [10], the complete energy matrix
for 3d2/8 ions in trigonal symmetry can be obtained.
Diagonalizing the complete energy matrix, one finds
that the ground orbital state t2

2
3T1 is split into two

states, the eigenfunctions of which are |t2
2

3T10a0〉′ and
|t22 3T1 ±1a0〉′ [11].

The spin Hamiltonian, used to analyze the EPR
spectra of 3dn ions in trigonal symmetry, is [12]

Hs = g‖µBHzSz + g⊥µB(HxSx + HySy)

+ D

[
S2

z −
1
3

S(S+ 1)
]
.

(2)

Considering the equivalence between the spin Hamil-
tonian (or EPR) parameters and the complete diagonal-
ization procedure, the calculated formulas of the EPR
parameters D, g‖ and g⊥ can be written as [11]

D = E(|t22 3T1 ±1a0〉′)−E(|t22 3T10a0〉′),
g‖ = 〈t22 3T11a0|′klz + gsSz|t22 3T11a0〉′,
g⊥ =

√
2〈t22 3T10a0|′klx + gsSx|t22 3T11a0〉′,

(3)

in which k is the orbital reduction factor and g s

(≈ 2.0023) is the free-electron value.
In the above matrix and formulas, the Racah pa-

rameters B and C are estimated from the optical spec-
tra of the studied system. Because of the covalency
reduction effect for 3dn clusters, the parameters B,
C and the spin-orbit coupling parameter ζ for a 3d n

ion in crystals are smaller than the corresponding
B0, C0 and ζ0 for 3dn ions in free state [13, 14].
So, we introduce a covalency reduction factor N =(

4
√

B/B0 + 4
√

C/C0

)
/2 to denote the covalency re-

duction effect. Thus, we have [15, 16]

ζ ≈ N2ζ0, k ≈ N2. (4)

From the superposition model [17], the crystal-field
parameters can be given as

Dq =
3√
2

Ā4(R0)
2

∑
i=1

(
R0

Ri

)t4
sin3 θi cosθi,

Dτ = −1
7

Ā4(R0)
2

∑
i=1

(
R0

Ri

)t4

(35cos4 θi −30cos2 θi

+ 3+ 7
√

2sin3θi cosθi),

Dσ = −3
7

Ā2(R0)
2

∑
i=1

(
R0

Ri

)t2
(3cos2 θi −1), (5)

where the power-low exponents are t2 ≈ 3 and t4 ≈
5 [17 – 19]. Ā2(R0) and Ā4(R0) are the intrinsic pa-
rameters with the reference distance R0. Ri (i = 1,2)
is the impurity-ligand distance and θ i is the angle be-
tween Ri and the C3 axis. For the studied V3+ and
Cr4+ centers in Al2O3 crystals, the structural param-
eters Ri and θi can be calculated from the structural
data Rh

1 ≈ 1.966 Å, Rh
2 ≈ 1.857 Å, θ h

1 ≈ 47.7◦ and
θ h

2 ≈ 63.1◦ of the host Al2O3 crystal [9] and the above
displacements ∆z and ∆x.

2.1. Calculation for Al2O3:V3+

From the optical spectra of Al2O3:V3+ [9, 20, 21],
we estimate B ≈ 420 cm−1, C ≈ 2600 cm−1 and
Ā4(R0) ≈ 1500 cm−1 with R0 ≈ (Rh

1 + Rh
2)/2 ≈

1.912 Å. According to the values of B0 ≈ 861 cm−1,
C0 ≈ 4165 cm−1 and ζ0 ≈ 209 cm−1 for a free V3+

ion [13], we have N ≈ 0.8578 and so ζ ≈ 154 cm−1

and k ≈ 0.736. The ratio Ā2(R0)/Ā4(R0) ≈ 9 ∼ 12 is
obtained for 3dn ions in many crystals [18, 19, 22]; we
take Ā2(R0)/Ā4(R0)≈ 12 here. Thus, in the above ma-
trix and formulas only the displacements ∆z and ∆x are
not known. By fitting the calculated EPR parameters
D, g‖, g⊥ to the experimental values, we obtain for the
V3+ center in an Al2O3 crystal

∆z ≈ 0.2562 Å, ∆x ≈ 0.01 Å. (6)

The calculated EPR parameters are compared with the
experimental values in Table 1.

2.2. Calculation for Al2O3:Cr4+

For a Cr4+ ion in an Al2O3 crystal no optical spec-
tral data have been reported. We can reasonably es-
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D (cm−1) g‖ g⊥
Calc. Exp. Calc. Exp. Calc. Exp.

Al2O3:V3+ 8.296 8.296(16) [5,6] 1.930 1.910(5) [5,6] 1.655 1.4 ∼ 1.7 [5, 6]
8.25(2) [7] 1.92(3) [7] 1.74(1) [7]
∼ 7 [8] 1.915 [8] 1.63 [8]

Al2O3:Cr4+ 7.561 7.562(16) [5, 6] 1.909 1.913(5) [5,6] 1.669 1.2 ∼ 2.0 [5,6]

Table 1. EPR parameters of V3+ and
Cr4+ ions in Al2O3 crystals.

timate the parameters N and Ā4(R0) from the corre-
sponding parameters of the isoelectronic V3+ ion in
Al2O3. For the isoelectronic 3dn series in a crystal,
the covalence increases and hence the covalence re-
duction factor N decreases with increasing valence
of the 3dn ion [14]. So the parameter N for Cr4+ in
Al2O3 is smaller than that for V3+ in Al2O3. Thus
we take N ≈ 0.8 for Al2O3:Cr4+. The parameters are
B0 ≈ 1039 cm−1, C0 ≈ 4238 cm−1 and ζ0 ≈ 327 cm−1

for a free Cr4+ ion [13], thus we have [23] B ≈
N4B0 ≈ 426 cm−1, C ≈ N4C0 ≈ 1736 cm−1, ζ ≈
N2ζ0 ≈ 209 cm−1 and k ≈ 0.64 for an Al2O3:Cr4+

crystal. The crystal-field strength and hence the param-
eters Dq and Ā4(R0) (in the cubic approximation, Dq≈
4Ā4(R0)/3 [17 – 19]) increase with increasing valence
state for isoelectronic 3dn ions in a crystal [14, 24].
From the linear trends, aiding the interpretation and
prediction of optical spectra of 3dn ions in crys-
tals [24], we can reasonably estimate Ā4(R0)(Cr4+) ≈
1.3Ā4(R0)(V3+) ≈ 1950 cm−1 in Al2O3:Cr4+. Substi-
tuting these parameters into the above matrix and for-
mulas, we find that, to reach the good fit between the
calculated and experimental EPR parameters,

∆z ≈ 0.2612 Å, ∆x ≈ 0.175 Å. (7)

The comparisons between the calculated and observed
EPR parameters are shown in Table 1.

3. Discussion

The above studies suggest that the local structures
(characterized by the displacements ∆z and ∆x) of im-
purity centers for V3+ and Cr4+ ions in Al2O3 crystals
are different from the corresponding structure in the
host Al2O3 crystal. The directions of the impurity dis-
placement ∆z and the O2− displacement ∆x are consis-
tent with the expectation based on the electrostatic in-
teraction model. In addition, considering that the elec-
trostatic repulsive force between a Cr4+-Al3+ pair in
Al2O3 is larger than that between a V3+-Al3+ pair be-
cause of more charge of the Cr4+ ion, the impurity dis-
placement ∆z (and hence the O2− displacement ∆x) in
Al2O3:Cr4+ may be bigger than that in an Al2O3:V3+

crystal. This point is supported by the above calcula-
tions. So, the local structures of V3+ and Cr4+ centers
in Al2O3 crystals obtained above can be regarded as
suitable. Based on these local structures, the EPR pa-
rameters D, g‖ and g⊥ for both centers in Al2O3 are
reasonably explained.
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